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^ ' Abstract. In this paper, we first establish a Schwarz-Pick type theorem for 

[ pluriharmonic mappings and then we apply it to discuss the equivalent norms 

■ on Lipschitz-type spaces. Finally, we obtain several Landau's and Bloch's type 
theorems for pluriharmonic mappings. 

m ■ 
>. 

^ . 1. Introduction and Main Results 

I Let C" denote the complex normed (Euclidean) space of dimension n. For z 

^ ' (zi, . . . , Zn) G C", the conjugate of z, denoted by z, is defined by z = (zi, . . . , 

For z and w = (wi, . . . , Wn) € C", we write 



> 



X 



\z 



n 



|2U/2 



{z,w) := z ■ w = '^ZkWk and \z\ := {z, z)^^"^ = {{zil"^ -\ h 

^ I For a = (ai, . . . , a„) G C", we set B"(a, r) = {2; G C" : [2; — a| < r}. Also, we use 

O ; B" to denote the unit ball B"(0, 1) and let D = {2 G C : \z\ < 1}. 
psj ■ A continuous complex-valued function / defined on a domain G C C" is said to 

be pluriharmonic if for each fixed z E G and 6 G SB", the function f{z + 6() is 
harmonic in {C : \(\ < ddz)}, where ddz) denotes the distance from z to the 
boundary dG of G. It follows from [23, Theorem 4.4.9] that a real-valued function 
u defined on G is pluriharmonic if and only if u is the real part of a holomorphic 
function on G. Clearly, a mapping / : B" — )■ C is pluriharmonic if and only if / 
5^ \ has a representation / = h + where g and h are holomorphic mappings. For a 
pluriharmonic mapping / : B" — i- C, we introduce the notation 

V/ = (/,„...,/.„) and V7=(^„...,/^J. 

For a proper domain G of C", let 'Hfc(G) denote the class of all pluriharmonic 
mappings f = h + 'g defined from G into C such that for any 9 G 9B" , 

|V7(z)-^^| <A;|V/(;^)-^| 
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for 2; G G, where k G (0, 1) is a constant, and both h and g are holomorphic in G. 

Let / be a sense-preserving harmonic mapping from D into C. We say that / is 
a K-quasiregular harmonic mapping if and only if 

M^<K ie 

A/(^) - ' ' \Mz)\-K+l 

for zeB, where A/ = \f,\ + \f^\ and A/ = l/^l - |/^|. 

First we improve the Schwarz-Pick type theorem for X-quasiregular harmonic 
mappings obtained recently by Chen [4, Theorem 7]. 

Lemma 1. Let f be a sense-preserving and K-quasiregular harmonic mapping on 
D with /(D) C D. Then 

..l-l/WP 4X /cos(|/(^)|7r/2)\ 
1 — T'' \ 1 ~ 1^1 / 

Moreover, the first inequality of (1) is sharp when K — 1. 

By using Lemma 1, we obtain a Schwarz-Pick type theorem for pluriharmonic 
mappings which is as follows. 

Theorem 1. Let f e 7^fc(B") and \ f{z)\ < 1 for z e B'*. Then for each 9 e OT", 
|V7(.)-g| + |V/(.)-g|<x \~_[^^j'' , K^\±^. 

Proofs of Lemma 1 and Theorem 1 will be given in Section 2. 

A continuous increasing function ou : [0, 00) — )■ [0, 00) with a;(0) = is called a 
majorant if uj{t)/t is non- increasing for t > 0. Given a subset G of C", a function 
/ : G — )■ C is said to belong to the Lipschitz space A^,(G) if there is a positive 
constant C such that 

(2) \f{z)-f{w)\<Cuj{\z-w\) 
for all z,w e G. For 5o > 0, let 

i-S 



(3) / ^dt< Cuj{5), < 5 < 5o 



and 

f +00 



(4) s f '^'^dt< Cuj{6), 0<6<5o. 

Js 't 
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A majorant ui is said to be regular if it satisfies the conditions (3) and (4) (see 
[8, 22]). 

Let G be a proper subdomain of C". We say that a function / belongs to the 
local Lipschitz space locA(^(G) if there is a constant G > satisfying (2) for all z, 
w & G with — u^l < ^dciz). Moreover, G is said to be a A^^-extension domain 
if A;^(G) = locA^,(G). The geometric characterization of A^-cxtension domains was 
first given by Gehring and Martio [11]. Later, Lappalainen [16] extended it to the 
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general case, and proved that G is a A^^-extension domain if and only if each pair of 
points z,w & G can be joined by a rectifiable curve 7 C G satisfying 

with some fixed positive constant C = C(G, a;), where ds stands for the arclength 
measure on 7. Furthermore, Lappalainen [16, Theorem 4.12] proved that A^,- 
extension domains exist only for majorants ou satisfying the inequality (3). 

For zi, Z2eG G C", let 



dcj,G{zi, Z2) :=mf / ———ds{z), 

J aG[z) 



where the infimum is taken over all rectifiable curves 7 C G joining zi and Z2- We 
say that / e A;^_inf(G) whenever 

1/(2:1) - f{z2)\ < Cd^^G{zuZ2) for zi,Z2 e G, 

where G is a positive constant which depends only on / (see [13]). 

Dyakonov [8] characterized the holomorphic functions in h.^ in terms of their 
modulus. Later in [22, Theorems A and B], Pavlovic came up with a relatively 
simple proof of the results of Dyakonov. Recently, many authors considered this 
topic and generalized the work of Dyakonov to pseudo-holomorphic functions and 
real harmonic functions of several variables for some special majorants ijj{t) — f^, 
where a > (see [2, 9, 12, 14, 15, 18, 19, 20, 21]). By applying Theorem 1, we 
extend [22, Theorems A and B] to the case of pluriharmonic mappings. 

Theorem 2. Let u be a majomnt satisfying (3), and let G be a A,^- extension. If 
f G 'Hfc(G) and is continuous up to the boundary dG, then 

f e AUG) ^ I/I e A^(G) ^ |/| e A^(G,9G), 

where A^(G, dG) denotes the class of continuous functions f on GUdG which satisfy 
(2) with some positive constant C , whenever z E G and w G dG. 

Theorem 3. Let cu be a majorant satisfying (3). If f E 'Hfc(G), then 

f G A,,inf(G) ^ I/I G A,,inf(G). 

We remark that Theorems 2 and 3 are the generalizations of [7, Theorem 1] and 
[7, Theorem 2], respectively. 

To state our final result, we need some preparations. First we recall that a map- 
ping / : Q — > C" is said to be vector-valued pluriharmonic if every component of 
/ is pluriharmonic. Let i7(B", C") denote the set of all pluriharmonic mappings 
from B" into C". Obviously, a mapping / G i/(B", C") is pluriharmonic if and only 
if / has a representation f = h -\-g, where g and h are holomorphic mappings B" 
into C". It is convenient to identify each point z = {zi, . . . , Zn) E C'^ with an n x 1 
column matrix so that 

dz — \ '■ I and dz 
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For a / = (/i, . . . , fn) G H(M"', C"), we denote by df /dzj the column vector formed 
by dfi/dzj, dfn/dzj, and 



dl 
dzi 



dZr, 



^^j / nxn 



the nxn matrix formed by these column vectors, namely, by the complex gradients 
V/i,..., V/„. Similarly, 



df df 



dzi 



J / nxn 



dzi dzn, 

the nxn matrix formed by the column vectors df /dzj for j G {1, . . . , n}. For an 
nxn matrix A, we introduce the operator norm 

\Ax\ 



\A\ 



sup 



For pluriharmonic mappings / : 
(cf. [6]): 



max{|A^| : 9 e 91"}. 
— >■ C", we use the following standard notations 



Af{z) = max \f,{z)9 + f^{z)9\ and Xf{z) = mjn \f,{z)9 + f^{z)9\. 

Let / = (/i, . . . , /„) e H(M^, C"). For j e {1, . . . , n}, we let z = {z,, . . . , 
Zj = Xj + iyj and fj{z) = Uj{z) + ivj{z), where Uj and Vj are real pluriharmonic 
functions from B" into R. We denote the real Jacobian matrix of / by 



Jf 



dui 


dui 


dui 


dui 


dui 


dui 


dxi 


dyi 


dX2 


dy2 


dXn 


dyn 


dvi 


dvi 


dvi 


dvi 


dvi 


dvi 


dxi 


dyi 


dX2 


dy2 


dXn 


dyn 


dUn 


dUn 


dUn 


dUn 


dUn 


dUn 


dxi 


dyi 


dX2 


dy2 


dXn 


dyn 


dVn 


dVn 


dVn 


dVn 


dVn 


dVn 


dxi 


dyi 


dx2 


dy2 


dXn 


dyn 



Let 



t2n 



denote the unit ball of M^". Then (see [6]) 

A/ = max \ Jf9\ and A/ = min \Jf9\ 



2n 



We use 6^(B",C") to denote the pluriharmonic Bergman space consisting of all 
pluriharmonic mappings / e i?(B", C") such that 



\f{z)\^dV{z) 



i/p 



< oo or 



\f{z)rdV^{z) 



< oo. 



where p e (0,oo), n > 2, dV denotes the Lebesgue volume measure on C" and 
dV^ denotes the normahzed Lebesgue volume measure on B". Obviously, if / G 
//(B",C") and / is bounded, then / e 6^(B",C"). 



Equivalent moduli of continuity of pluriharmonic mapping in B" 5 

Theorem 4. Let r E (0,1) and f G ^(B",C") with \\fy^ < M, /(O) = and 
det J/(0) = a > 0. Then f is injective in B"(0, rp{r)) with 

~ 4m(4M(r))2" 
and f{M'"{0,rp{r))) contains a univalent ball with the radius 

R > max < - — . , ^, . . , — - 
- o<r<i \ 8m(4M(r))^"-i 

where 

(6) M(r) = , and m = 2^2 I — , 3 + ^ /l7 | ~ 4.2. 

r{l-ry-/p \{V5^7^){1 + ^) J 

We remark that Theorem 4 is a generahzation of [6, Theorem 5] . We now recall 
that a holomorphic function / : B" — >■ is convex in B'* if it is one-to-one and the 
range /(B") is a convex domain. 

Theorem 5. Suppose f = h + g e //(B",C"), /(O) = 0, |/j(0)| = and det f,{0) = 

/„, where h is a convex biholomorphic mapping and g is a holomorphic mapping. If 
for any z e B", 1/2(^)1 < then f is univalent in B"'(0, pi), where 

Pi = with 777.2 ~ 9.444 and 7773 = 6.75. 

m2 + ma 

Moreover, the range /(B"(0,pi)) contains a univalent ball with center and radius 
at least Ri, where Ri — y- 

The precise values of 7772 and 772.3 are given in the proof of Theorem 5. 
A continuous mapping / : Q C — >■ is called quasiregular if / G W^^^^{fl) 
and 

< KJf{x) for almost every a; G fi, 
where K (> 1) is a constant, / G W^^^J^Vt) means that the distributional derivatives 
dfj/dxk of the coordinates fj of / are locally in L" and Jf{x) denotes the Jacobian 
of/(cf. [25]). 

Definition 1. A pluriharmonic mapping / : B" — >■ is said to be a {K,Ki)- 

pluriharmonic mapping if for each 2; G B" and 9 G ^B", 

(7) |/.(^)r < K\detf,{z)\ and K,\f^{z)e\ < |/,(#|, 
where K (> 1) and Ki (> 1) are constants. 

Obviously, every [K, i^Ti) -pluriharmonic mapping / : B" — )■ C" is called Wu K- 
mapping if /^^ = (see [26]). In fact, holomorphic X-quasiregular mappings are 
referred to as Wu "-mappings (cf. [5, 26]). 

For a holomorphic mapping / from the unit ball B" into C", B"'(a,r) is called a 
schlicht ball of / if there is a subregion 17 C B" such that / maps Vt biholomorphically 
onto B"(a, r). We denote by the least upper bound of radii of all schhcht balls 
contained in /(B") and call this the Bloch radius of /. The classical theorem of Bloch 
for holomorphic functions in the unit disk fails to extend to general holomorphic 
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mappings in the ball of C" (see [24, 26]). However, in 1946, Bochner [3] proved 
that Bloch's theorem does hold for a class of real harmonic quasiregular mappings. 
Recently, Chen and Gauthier [6] proved that Bloch's theorem also holds for a class 
of pluriharmonic JC-mappings. 

In this paper, our last aim is to prove the existence of Bloch's constant for a new 
class of pluriharmonic mappings. Our result is also a generalization of [5, Theorem 
6]. We now state a version of Bloch's theorem for a class of (X, iri)-quasiregular 
pluriharmonic mappings. 

Theorem 6. Suppose f is a {K , Ki)- quasiregular pluriharmonic mapping ofM^ into 
C" with I J/ (0)1 = 1. Then /(B") contains a schlicht hall with radius at least 



where m defined as in Theorem 4. 

Proofs of Theorems 2 and 3 will be given in Section 3 while the proofs of Theorems 
4, 5 and 6 in Section 4. 

2. SCHWARZ-PiCK LEMMA FOR PLURIHARMONIC MAPPINGS IN 

Let Q he a. domain in C and p > a conformal metric in Q. The Gaussian 
curvature of the domain is given by Kp = — (l/(2p))A logp. We denote by X{z)\dz\'^ 
the hyperbolic metric in B, where X{z) = 4/(1 — l-zp)^. 

Lemma A. (Ahlfors-Schwarz lemma) If p > is a C"^ -function {metric density) 
in D and Gaussian curvature Kp < — 1, then p < \ {cf. [1]). 

Proof of Lemma 1. By assumption, we observe that / is an open mapping, and 




so \fz{z)\ ^ in D. Let 



Piz) = 7^^A(/(^))|/,(^)r, 



z eB. 



Then ^ 



p{z)\dz\'^. Simple calculations yield 



Alogp(^) 



Alog Ijj^^.Kfimmi' 



4(log(A(/(z)))),, 

8i/.(^)P , \Mz)\' 




f{z)f.{z)f^{z) 




ii-\fizwr [ '^if.iz) 
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which, together with the definition of Kp, gives Kp{z) < —1. Thus, by Lemma A, 
we have 

p{z) = j^^,\{f{z))\Uz)\'<\{z) 

whence 

The proof of the lemma is complete. □ 

Proof of Theorem 1. For each fixed 9 edW, let F(C) = f{eQ in D. Then F is 
harmonic and |-F(C)| < 1 on D. It follows that 

Kf = IF^I + |F^| = I V/ • ^1 + 1 v7 • ^1 < K{\vf .e\-\vl-e\)^ k{\f^\ - \f-^\) 

which implies that F is a if-quasiregular harmonic mapping in D, where K = j^. 
Hence, Lemma 1 shows that 

- l-lFiCM"^ l-\f(z)\^ 

\vf{z) ■ e\ + |v/(^) • ^1 = A^(C) < K-rz^ = ^ ^ 

where z — (9. This completes the proof. □ 

3. Equivalent moduli of continuity for pluriharmonic mappings 

Proof of Theorem 2. The implications "/ G A^(G') ^ |/| G A^(G) \f \ e 
A^{G,dG)" are obvious. Therefore, we only need to prove the implication: |/| e 
A^{G, dC) =^ / e At^(G). In order to prove this, for a fixed z e G, we let 

(8) M, :=sup{|/(C)|: |C - ^| < c^g(;^)}, 
and define the following function: 

By a simple calculation, we obtain that for 9 e 

I VF(ry) • ^ mo ■e\< ^ I V/(e) ■9\-k I VF(ry) • 9\ 

where C^z + dG{z)r). Then, F e 7^fc(B") and 1^(77) | < 1 in B". By Theorem 1, we 
have that for ^ e 9B", 

|VF(0) • ^1 + |VF(0) • ^1 < K{1 - |F(0)|^) 

which in turn gives 

(9) dG{z){\Vf{z)-9\ + \Vj{z)-9\)<2K{M,-\f{z)\), K = \±^. 

For a fixed eq > 0, there exists a, ( E dG such that \( — z\ < {1 + eo)dG{z). Then, 
for w e M'^{z, doiz)), we have 

\f{w)\-\fiz)\ < ll/WI- 1/(011 + 11/(01 -1/(^)11 

< Cuj{{2 + eo)dG{z)) + Guj{{l + ea)dG{z)), 
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where C is a positive constant. Now we take Eq = 1. Then 

sup {\f{w)\ - \f{z)\) < \f{w)\ - \f{z)\ < 5Cuj{dG{z)) 

tueB"(2,dG(z)) 

whence — \f{z)\ < 5Cu!{dG{z)), where C is a positive constant. Thus for any 
^ e B'*, by (9) and the last inequahty, we have 

(10) \Vf{z) ■ e\ + \Vj{z) ■ e\ < lOCK ■ "^^^f^/f ^ for zeG. 

aG[z) 

For points zi,Z2 G G, let 7 C G be a rectifiable curve which joins Zi and Z2 satisfying 
(5). Integrating (10) along 7, we obtain that 

(11) \fiz,)-f{z2)\ < lOCK I ^^^j^dsiz). 

Therefore, (5) and (11) yield |/(-2i) — /(-22)| < Ci-U!{\zi — Z2\), where Ci is a positive 
constant. This completes the proof. □ 

Proof of Theorem 3. The implication / e A.^^,inf{G) =^ |/| G ^io;mf{G) is obvious. 
We need only to prove that |/| G A^,^inf(G) =^ / G At^^inf(G). 

Assume that |/| G A^inf(G) and fix 2; G G. Then it follows from a similar 
reasoning as in the proof of the inequality (9) that for 9 G SB", 

(12) dG{z){\Vf{z) ■ 0\ + \Vj{z) -ODK 2K{M, - \f{z)\), 

where is defined by (8). For w G 'B'^{z,dG{z)), there exists a positive constant 
G such that 

(13) \fiw)\ - \fiz)\ < Gd^,G{w,z) <G I ^^^j^dsiC), 

Jlw,z] "GlU 

where [w, z] denotes the straight segment with endpoints w and z. We observe that 
if C G [w, z], then one has [w, z] C B"(z, dG{z)) C G and therefore, 

which gives 

^-^^^ ^(c^g(C)) ^ (^{dBr^{z,dG{z)){C)) 

daiC) ~ dn"{z,dG{z)){0 
For each w G B"(^,dG(^)), (13) and (14) imply that 

l/MI-l/WI < cf !##*<i.(0 



w,z] 



doiO 



l[w,z] C?B"(z,dG(2))(C) 



J[w,z] dG{z) - IC - ^1 



~ Jo t 
< GuidGiz)). 
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From the last inequality, we obtain that 

(15) M,-\f{z)\<CcoidG{z)). 

Again, for any zi, Z2 G G, by (12) and (15), there exists a positive constant Ci such 
that \f{zi) — f{z2)\ < Cid^^^cizi, Z2). The proof of the theorem is complete. □ 

4. Landau's and Block's theorem for pluriharmonic mappings 
The following three Lemmas are useful for the proof of Theorem 6. 

Lemma B. ([6, Lemma 1] or [17, Lemma 4]) Let A he an n x n complex (real) 
matrix. Then for any unit vector 9 e the inequality \A9\ > \det A\/\A\'^~^ 

holds. 



Lemma C. ([5, Lemma 4]) Let A be a holomorphic mapping from M"'[0,r) into the 
space of n X n complex matrices. If A{0) = and \A{z)\ < M in B"'(0, r), then 

M\z\ 



\A{z)\ < 



^ ^eB"(0,r). 



Proof of Theorem 4. Fix z e B" and let D, = {C eC^ : |C - ^| < 1 - |^|}. Then 
by Jensen's inequality, for r G [0, 1 — \z\) and p G [1, 00), we have 



(16) 



\f{z)r< f \f{z + rO\^da{0. 

JdW^ 



Multiplying the formula (16) by 2nr^"' ^ and integrating from to 1 — j^j, we have 



l-\z\f-\f{z)\^ < 



9B" 



/ 



< 



which gives 



i-kl r 

\f{z)rdV{z) 
\f{z)\PdVN{z)<MP 

M 



\f{z + rO\^da{0 



dr 



\f{z)\ < 



[i-\z\yn/p- 

For C G B" and r G (0, 1), let F(C) = r'^firC)- Then 

1^(01 < _^)2n/p = MO) = Jfio) = «■ 

Using [6, Theorem 5], we obtain that / is injective in B"(0, rp(r)) with 

~ 4m(4M(r))2" 
and /(B"'(0, rp(r))) contains a univalent ball with radius 

- o<r-<i \ 8m(4M(r))^"-i 
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where m is given by (6). The proof is complete. □ 
For the proof of Theorem 5, we need the following lemma due to Fitzgerald and 
Thomas is from [10]. 

Lemma D. ([10, Proposition 2.2]) Let f be a convex mapping from M"' into C" with 
/(O) — and /'(O) = In, the n x n identity matrix. Suppose t is a positive integer, 
e e ai" andr e (0,1). Then 

Proof of Theorem 5. We begin to note that Lemma D gives 

1 



|/.(^)-/.(0)|<l 



for z e B". 



0.404. 



Let W2{r) = [1 + (1 - r)2]/[r(l - rf] for r e (0, 1). Then 

1^2(^2) = min {W^2(r)}, with r2 = 1 - V 1 + ^ + ^ 

Denote W2{r2) by m2. Then 777,2 ~ 9.444 and, by Lemma C, we have 

\fz{z) - f,{0)\ < m2\z\ for \z\ < r2, 

By hypotheses, we have 

\Mz) - hm < < (Tq^ ' ^ 

Let W3(r) = l/[r(l - rf] for r e (0, 1). Then 

W^lrs) = min {Wsir)}, with ra = 1/3. 

re(0,l) 

We denote W3(r3) by 7773. Then 7773 = 6.75 and, by Lemma C, we have 

\fz{z) - f^{0)\ < 7773]^] for \z\ < rg. 
Hence for z e B"(0, pi) with pi < r^, 

\Mz)- M0)\<m2\z\ and |/^(^) - /-(0)| < mgl^l. 

In order to prove the univalence of / in B"(0,pi), we choose two distinct points 
z', z" e B"(0, pi) and let [z\ z"\ denote the segment from z' to z" with the endpoints 
z' and z" . Then 



1/(^0 -/(^") I > 



A(0)rf;^ + /^(0)ci^ 



z',z»\ 



ifz{z) - fM) dz + (Mz) - MO)) dz 

[z',z"] 

> Iz'-/'I{1- (7772 + 7773)^1} 

> 
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which shows that / is univalent in B"(0, pi). Furthermore, for any z with \z\ = pi, 
we have 



\M-fm > 



fz{0) dz + MO)dz 



[0,Pi] 



[0,Pi] 



ifziz) - /,(0)) dz + iMz) - MO)) dz 



The proof of this theorem is complete. 



□ 



Proof of Theorem 6. Without loss of generality, we assume that / is plurihar- 
monic on B . Otherwise we replace f{z) by f{sz) for some s e (0, 1). Then there 

exists some zq G B" such that 

(1) (l-|zo|ndet/,(zo)| = l;and 

(2) (1 - |^|)"| detMz)\ < 1 for all z in the set {z : \zo\ = r < \z\ < 1}. 

Hence it follows from the fact | det fz{z)\ < \ det fz{zo)\ for any z in {z : \z\ — r — 
\zo\} and the maximum principle that 

|det/,(z)| < |det/,(^o)| 
in the disk {z : \z\ < r}. For C e B" and t e (0, 1), let 

nC) = y[/(p(C))-/M, 

where p(C) ^ Zq + t(l - r)C. Then 



(17) 



detFc(C)|<^ 



(1-t 



and I det (0)1 = 1. By (7) and (17), we also have 



l^c(C)l + |i^c(OI<A^*|detFc(C)l^<^ 



M* 



where M* = ^^nM^^ll 



For C e B", let C = sO, where 9 G ^B" and s = \C\. Then 



\m\ < 



[o,C] 



< M* 



dF{0\ 



ds 



l-ts 



M* , 
— log 



F^{se)e ds + F^{se)e ds\ 
1 



i-t 



M(t). 



Then by using [6, Theorem 5], we have /(B*^) contains a schlicht ball with radius at 
least 



Bf > max < - — , , , ^, - - ■ 
^ - o<t<i \ 8TO(4M(i))4" 



where M{t) is as in the statement and m is defined as in Theorem 4. 



□ 
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